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Abstract
In this paper, we study the problem of estimating smooth Generalized Linear
Models (GLM) in the Non-interactive Local Differential Privacy (NLDP) model.
Different from its classical setting, our model allows the server to process some
additional public but unlabeled data. By using Stein’s lemma and its variants,
we first show that there is an (¢, §)-NLDP algorithm for GLM (under some mild
assumptions), if each data record is i.i.d sampled from some sub-Gaussian distri-
bution with bounded ¢;-norm. Then with high probability, the sample complexity
of public and private data, for the algorithm to achieve an « estimation error (in
lso-norm), is O(p?>a~2) and O(p*a~2e~2) respectively if « is not too small (i.e.,

a > Q \%)) where p is the dimensionality of the data. This is a significant

improvement over the previously known quasi-polynomial (in o) or exponential
(in p) complexity of GLM with no public data. We demonstrate the effectiveness
of our algorithms through experiments on both synthetic and real world datasets.

1 Introduction

Generalized Linear Model (GLM) is one of the most fundamental models in statistics and machine
learning. It generalizes ordinary linear regression by allowing the linear model to be related to
the response variable via a link function and by allowing the magnitude of the variance of each
measurement to be a function of its predicted value. GLM was introduced as a way of unifying
various statistical models, including linear, logistic and Poisson regressions.

GLM: Lety € [0, 1] be the response variable that belongs to an exponential family with natural
parameter 7. That is, its probability density function could be written as p(y|n) = exp(ny —
®(n))h(y), where ® is the cumulative generating function. Given observations y1, - - « , ¥, such that
yi ~ p(yi|n;) forn = (n1,--- , 1), the maximum likelihood estimator (MLE) can be written as
p(y1,y2, -+ n) = exp(Xoiy yimi — ®(n;)) 1% h(y;). In GLM, we assume that ) is modeled by
linear relations, ie., 1; = (x;,w*) for some w* € R? and feature vector x;. Thus, maximizing
MLE is equivalent to minimizing = 7" | [®((x;, w)) — y;(2;, w)]. The goal is to find w*, which is
equivalent to minimizing its population version

wr = argiréiﬂgp E (2,4 [@((z, w)) — y(z,w)]. (D

One often encountered challenge for using GLM in real world applications is how to handle sensitive
data, such as those in social science and medical research. As a commonly-accepted approach for
preserving privacy, Differential Privacy (DP) [9] provides provable protection against identification
and is resilient to arbitrary auxiliary information that might be available to attackers.

As a popular way of achieving DP, Local Differential Privacy (LDP) has received considerable
attentions in recent years and been adopted in industry [7, |11} 20]]. In LDP, each individual manages
her proper data and discloses them to a server through some DP mechanisms. The server collects the
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(now private) data of each individual and combines them into a resulting data analysis. Information
exchange between the server and each individual could be either only once or multiple times.
Correspondingly, protocols for LDP are called non-interactive LDP (NLDP) or interactive LDP. Due
to its ease of implementation (e.g. no need to deal with the network latency), NLDP is often preferred
1n practice.

While there are many results on GLM in the DP and interactive LDP models [5 [1} [13} [14]], GLM
in NLDP is still not well understood due to the limitation of the model. [18, 23} 26]] and [24]]
comprehensively studied this problem. However, all of the results are on the negative side. More
specifically, they showed that to achieve an error of «, the sample complexity needs to be quasi-
polynomial in « [24} 26] or even exponential in the dimensionality p [18 23] (see Related Work
section for more details). Due to these negative results, there is no study on the practical performance
on these algorithms.

On the other hand, instead of the classical DP model or its relaxations, some recent work focus
on a relaxed model of DP where the server has additional public but unlabeled data, such as [?
12,116, 17, 2]. Specifically, they show that with the power of these public unlabeled data, the sample
complexity could be further improved [2]] under the assumption that these public data has the same
marginal distribution as the private ones. And it has better practical performance than the classical
DP model on some tasks, such as the Empirical Risk Minimization [[12} [16]. However, all of above
work focus on the central DP model, thus there is no existing work study the NLDP model with
public unlabeled data.

Thus, a natural question is: For the problem of estimating GLM in the NLDP model, can we
further reduce the sample complexity if the curator has additional public but unlabeled data?
Moreover, is there any efficient and effective algorithm on the problem?

In this paper, we provide a partial answer to the above two questions by studying the NLDP model
where the curator (server) is allowed to access some additional public but unlabeled data. Our
contributions can be summarized as follows:

1. We first show that when the feature vector x of GLM is sub-Gaussian with bounded ¢;-norm,
there is an (e, 6)-NLDP algorithm for GLM (under some mild assumptions) whose sample
complexity for achieving an error of « (in £,-norm) is O(p?e ~2a~?) and O(p?a~?) (with
other terms omitted) for private and public data respectively, if « is not too small (i.e.,
a > Q(%)) We note that this is the first result that achieves a fully polynomial sample

complexity for a general class of loss functions in the NLDP model with public unlabeled
data.

2. Then we provide an experimental study of our algorithm on both synthetic and real world
datasets. The experimental results suggest that our methods are efficient and effective,
which is consistent with our theoretical analysis. To our best knowledge, these are the first
effective algorithms in the NLDP model with public unlabeled data for GLM problem.

2 Non-interactive LDP Model with Public Unlabeled Data

Local Differential Privacy (LDP): In LDP, we have data universe X and )/, n players with each
holding a private data record (z,y) € X x ) sampled from some distribution P, where = € R? is
the feature vector and y € R is the label or response, and a server that is in charge of coordinating the
protocol. An LDP protocol proceeds in 7" rounds. In each round, the server sends a message, which
is often called a query, to a subset of the players, requesting them to run a particular algorithm. Based
on the query, each player ¢ in the subset selects an algorithm @;, runs it on her own data, and sends
the output back to the server.

Definition 1. [[15] An algorithm Q is e-locally differentially private (LDP) if for all pairs z, 2’ € D,
and for all events F in the output space of @), we have Pr[Q(z) € E]| < ePr[Q(z') € E]. A
multi-player protocol is e-LDP if for all possible inputs and runs of the protocol, the transcript of
player i’s interaction with the server is e-LDP. If T = 1, we say that the protocol is € non-interactive
LDP (NLDP).

Our Model: Different from the above classical NLDP model where only one private dataset
{(zi,y:) } exists, the NLDP model in our setting allows the server to have an additional public



but unlabeled dataset D' = {x; };’;ﬁl C X™, where each x; is sampled from 7, which is the
marginal distribution of P (i.e., they have the same distribution as {z; }?_,).

3 Privately Learning Generalized Linear Models
In this section, we study GLM in our model and privately estimate w™ in by using both the

n+m

private data {(z;,y;)};-; and the public unlabeled data {z;} 2" ;. Our goal is to achieve a fully

polynomial sample complexity for n and m, i.e., n,m = Poly(p, £, 1 log ¥), such that there is an
(e,0)-NLDP algorithm with estimation error less than « (with high probability). Before presenting
our ideas, we first consider the following lemma for x ~ N (0, X), which is from Stein’s lemma [4].

Algorithm 1 Non-interactive LDP for smooth GLM with public data
Input: Private data {(x;, y;)}7; C (RPx{0,1})", where ||z;||1 < rand |y;| < 1, public unlabeled

data {a:j };‘;ﬁl, loss function @ : R — R, privacy parameters ¢, 6, and initial value ¢ € R.

1: for Each user i € [n] do

2: Release xix;F = l’ZCUZT + E1 4, where E; ; € RPXP is a symmetric matrix and each entry of
Pt 2.5
the upper triangle matrix is sampled from A/ (0, %)
2o 2.5

3: Release z;y; = x;y; + F2 4, where Es ; € RP is sampled from N (0, %Ip).

4: end for

5: for The server do o o o

6  LetXTX =" xal and XTy =" | Z;5;. Calculate v°"* = (XTX) 1 XTy.

7: Calculate y; = :cfu?"ls for each 5 = n+ 1,--- ,n + m. Find the root ¢s such that

=l 7;’:_1 ®?)(¢49;) using Newton’s root-finding method:
8: fort =1,2,--- until convergence do
N _ ek ST 8% (e -1
’ CT T T (e ey ¥ (o))

10: end for
11: end for

12: return W9 = ég - WO,

Lemma 1 ([4])). If z ~ N(0,%), then w* in can be written as w* = co x w°®, where
co is the fixed point of z — (E[®3)((z,w*)2)])~" (assuming E[®®) ((z,w**)z)] # 0) and
ws = N~ 1E[zy] is the Ordinary Least Squares (OLS) vector.

From Lemma |1, we can see that to obtain w*, it is sufficient to estimate w°"* and the underlying
constant cg. Specifically, to estimate w°® in a non-interactive local differentially private way, a
direct way is to let each player perturb her sufficient statistics, i.e., z;77 and y;x;. After receiving
the private OLS estimator 1°®, the server can then estimate the constant cg by using the public
unlabeled data and @°"*. From the definition, it is easy to see that cg is independent of the label
y. Thus, cg can be estimated by using the empirical version of E[®(?) ((x, w®*)z)]. That is, find
the root of the function 1 — £ Z:L;ﬁ_l ®@)(c(x;,10°)). Several methods are available for finding
roots, such as the Newton’s method which has a quadratic convergence rate.

One problem with the above approach is that Lemma|[T|needs « to be Gaussian, which implies that
the sensitivity of the term x;z7 could be unbounded. We also note that Lemmais only for Gaussian
distribution. The following lemma extends Lemma [I]to bounded sub-Gaussian with an additional

additive error of O(% ).

Lemma 2 ([10]). Let z1,---,x, € RP be i.i.d realizations of a random vector x that is sub-
Gaussian with zero mean, whose covariance matrix X has its corresponding ¥2 being diagonally

dominant and whose distribution is supported on a ¢5-norm ball of radius r. Let v = Y2z be
the whitened random vector of  with sub-Gaussian norm ||v||y, = k.. If each v; has constant

2A square matrix is said to be diagonally dominant if, for every row of the matrix, the magnitude of the
diagonal entry in a row is larger than or equal to the sum of the magnitudes of all the other (non-diagonal) entries
in that row.



first and second conditional moments (i.e., Vj € [p] and w = Lzw*, Efvi;| 3, 2; Wvik] and
E[v3] >y ; Wvi] are deterministic) and the function ®(?) is Lipschitz continuous with constant G,

] (assuming E[®?) ((x;, w*))] # 0), the following holds for GLM in

1
then for Cp = W

1 ols 3 Hw*H2
— - w" — W < 16GTK, /D2, 20
II% w' —w”e < TKy\/P2Po0 7

where p, for ¢ = {2, 00} is the conditional number of ¥ in £, norm and w°'® = (E[zzT]) " E[zy] is
the OLS vector.

2)

Lemma P2lindicates that we can use the same idea as above to estimate w*. Note that the forms of
co in Lemmas and are different. However, due to the closeness of w* and w°' in , we can

still use E@® (2w 2a]) © approximate cg, where g is the root of cE[®?) ({z;, w*)c) — 1 (see

Appendix for the details of the proof). Combining these ideas, we have Algorithm [I]
Theorem 1. Forany 0 < ¢, < 1, Algorithm[l]is (¢, §) non-interactive LDP.

The following theorem shows the sample complexity of the bounded sub-Gaussian case.

Theorem 2. Under the assumptions of Lemma if further assume that the distribution of x is
supported on the ¢1-norm ball with radius r, \(I)(2 (1)| < L, and for some constant ¢ and 7 > 0, the
function f(c) = cE[®?) ((x, w®*)c)] satisfies the condition of f(¢) > 1 + 7, and the derivative of f

in the interval [0, max{¢, cg }] does not change the sign (i.e., its absolute value is lower bounded by
some constant M > 0), then for sufficiently large m, n such that

. . 1
m = Q([[3]|a[lw” |3, max{1, [[w |3} p2p3p® max{1, Q}Q) 3)

- Q(P2P§o|\2||§p2||w*\|§o max{1, w3} log ; log £
- 62/\min(2) min{)\min(E), ].}

1

max{1, —1}?), 4)
Co

with probability at least 1 — exp(—(p)) — &, the output w9 in Algorithm [1]satisfies

1
w13, max{1, lw* |2} p

Jm

1
P20 |w* 1E max{1, [lw* |2} S]I3 py /log 5 log & 1,
+ T T max{—, 1}
EAI%;lin(Z) min{)\rznin(z)7 1}\/5 Co
* (|3 1 * o 1
VP 23

where G, L, 7, M, ¢,r, k, are assumed to be O(1) and thus omitted in the Big-O notations (see
Appendix for the explicit form of m and n).

2
1
||,uA}(]lm _ w*Hoo < O(p2p00| « max{;,l}Q

1
+ p20% 1572 [|

Theorem [2| suggests that if we omit all the other terms and assume that || w*||.c = O(1), then for
any given error a > Q(%), there is an (e, §)-LDP algorithm whose sample complexities of both

private (n) and public unlabeled (m) data, to achieve an estimation error of « (in £,,-norm), are

O(p?e2a72).

Note that there are some previous work on LDP linear regression. [18] proposed an algorithm with a
sample complexity of O(pa—2¢~2) and [26]] achieved a sample complexity of O(log pa~*e~2). It
seems that our sample complexity for the more general GLM is worse than theirs. However, these
results are not really comparable due to their different settings. Firstly, [[18, 26] considered the
optimization error and [25] measured the />-norm statistical error, while we estimate the £,,-norm
statistical error. Secondly, w* is assumed to be bounded in ¢5-norm in [18], ¢;-norm in [26], and
{~o-norm in ours. There is also a result on NLDP linear regression [25]. It relies on assumptions that
l|lz|l2 = O(,/p) and w* is 1-sparse, which are not needed in ours.

In the Appendix section, we provide the proof and experimental study of our algorithm.
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A Experiments

A.1 Evaluation on synthetic data

Experimental Setting For GLM we consider the problem of binary logistic loss i.e., ®((z,w)) =
llo—w* |12,
[REES
with respect to different privacy parameters € € {10,5,3,2}. In these experiments, we estimate
the squared relative error with the fixed dimensionality p = 10 and the population parameter
w* = (1,1, ...,1)/,/p. The sample size n is chosen from the set 10*-{1, 3,5, ..., 29}. We assume that
the same amount of public unlabeled data are available. The features are generated independently from

a Bernoulli distribution Pr (ml j==x [% = 0.5 and the label is generated according to the logistic

model. The results are shown in Figure[lal We then evaluate the impact of the dimensionality. In these
experiments, we fix the privacy parameters E] e = 10 and tune the dimensionality p € {5, 10, 12, 15}.
w*s are the same as above. The sample size takes values from n € 10* - {10, 12, 14, ..., 48} and the
same amount of public unlabeled data are assumed. The labels are generated as the same as above.
Here we measure the performance directly by the relative error. For each experiments above, we run
1000 times and take the average of the errors. The results are shown in Figure

In (1 + exp ({z,w))) in . For the problem we first compare the squared relative error

From Figure[Ta| we can see that the square of relative error is inversely proportional to the number of
samples n. In other words, in order to achieve relative error «, we only need the number of private
samples n ~ 0712 if we omit the dependency on the other parameters. Besides, we also observe that the

square of relative error is proportional to eiz which matches our theoretical result. From Figure ,
we can see that the relative error increases as the dimensionality increases. It may seem a little weird
that it is not linear with the dimensionality. We note that as the dimensionality p changes, some other
parameters, for example, the /; norm of the covariance matrix and w, also change, which bring
other effects to the relative error.

A.2 Evaluation on real data

We conduct experiment for GLM with logistic loss on the Covertype dataset [8]. Before running
our algorithm, we first normalize the data and remove some co-related features. After the pre-
processing, the dataset contains 581012 samples and 44 features. There are seven possible values for
the label. Since multinomial logistic regression can not be regarded as a Generalized Linear Model,

3Note that in the studies on LDP ERM, ¢ is always chosen as a large value such as [3]).
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Figure 1: GLM with logistic loss under i.i.d Bernoulli design. The left plot shows the squared
relative error under different levels of privacy. The right one shows relative error under different
dimensionality.
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Figure 2: GLM with logistic loss on Covertype dataset

we consider a weaker test, which is to classify whether the label is Lodgepole Pine (type 2) or not.
The algorithm that we choose is still binary logistic regression. We divide the data into training
and testing, where nining = 406708 and neging = 174304 and randomly choose the sample size
n € 10*-{1,2,3,...,39} from the training data and use exactly the same data as public. Regarding
the privacy parameter, we let e take value from {20, 10,5}. We measure the performance by the
prediction accuracy. For each combination of € and n, the experiment is repeated 1000 times. We
observe that when ¢ takes a reasonable value, the performance is approaching to the non-private
case, provided that the size of private dataset is large enough. Thus, our algorithm is practical and is
comparable to the non-private one.

B Background and Auxiliary Lemmas

Notations For a positive semi-definite matrix M € RP*P, we define the M-norm for a vector w
as w2, = wT Mw. Apin(A) is the minimal singular value of the matrix A. For a semi positive
definite matrix M € RP*P, let its SVD composition be ¥ = U7 XU, where ¥ = diag(\q, - - -, Ap),
then M= is defined as M2 = UTS2U, where 2 = diag(v/Aq, -+, /Ap)-

Definition 2 (Sub-Gaussian). For a given constant x, a random variable = € R is said to be sub-
Gaussian if it satisfies sup,,,>1 \/—%]E[|x|m] m < k. The smallest such  is the sub-Gaussian norm
of x and it is denoted by ||x|,,. A random vector x € RP is called a sub-Gaussian vector if there
exists a constant « such that for any unit vector v, we have ||(z, v) ||y, < k.

Lemma 3 (Weyl’s Inequality [19]). Let X,Y € RP*P be two symmetric matrices, and £ = X — Y.
Then, foralli = 1,--- , p, we have

|00(X) — o (V)| < [|El2.



Lemma 4. Let w € R? be a fixed vector and E be a symmetric Gaussian random matrix where the
upper triangle entries are i.i.d Gaussian distribution A/(0, 2). Then, with probability at least 1 — &,
the following holds for a fixed positive semi-definite matrix M € RP*P

2 2
|Ew|3; < o>Te(M)|w]|? log %

Proof of Lemma] Let M = UT$U denote the eigenvalue decomposition of M. Then, we have

p
|Ew|?, = wT ETUTSUFw = Z Y _[UE

i=1  j=1

Note that [UE]; ; = > ¥ _, U; v E;  where E; ; is Gaussian. Since U is orthogonal, we know that
[UE); ; ~ N(0,0?). Using the Gaussian tail bound for all 4, j € [d]?, we have

P( max_ |[UE];; > 0210g25p2) <&

i,5€[p]?
O

Lemma 5 (Theorem 4.7.1 in [22] ). Let x be a random vector in RP that is sub-Gaussian with
covariance matrix Y and ||E_%a:||,/,2 < kg. Then, with probability at least 1 — exp(—p), the
empirical covariance matrix 1 X7 X = LS | a;27 satisfies

1
1AxTx —3), < cn§f||zz.
n n

Lemma 6 (Corollary 2.3.6 in [21]). Let M € RP*P be a symmetric matrix whose entries m;;
are independent for j > ¢, have mean zero, and are uniformly bounded in magnitude by 1. Then,
there exists absolute constants C', ¢; > 0 such that with probability at least 1 — exp(—Cac, 1p), the
following inequality holds || M ||z < C'\/p.

Below we introduce some concentration lemmas given in [10]].

Lemma?7. Let 1835( ) denote the ball centered at @ and with radius § (i.e., B® (1) = {w : [|w—1]|2 <
0}). Fori=1,2--- n,letz; € RP bei.i.disotropic sub-Gaussian random vectors with || z; |y, < kq,

E[”ix;l"’]. For any given function g : R — R that is Lipschitz continuous with G and satisfies

and 1 =
SUPyers (o) 19((z, )| ¢, < kg, with probability at least 1 — 2 exp(—p), the following holds for

np > 51 max{y, x*}

plogm
sup | — > g((zi,w g((z, W)l < c(k +*) —,
Lo m; E| )l < el + 50 22

(hgt+=2)2
where y = C(;]Z’Gigm' ¢ is some absolute constant.

Lemma 8. Let B’ (10) be the ball centered at @ and with radius § (i.e., B’ (@) = {w : |w—1||2 < §}).
Fori=1,2---  n,letx; € RP be i.i.d sub-Gaussian random vectors with covariance matrix ¥.. For
any given function ¢ : R — R that is uniformly bounded by L and Lipschitz continuous with G, the
following holds with probability at least 1 — exp(—p)

sup \fzg ivl) = Elg(( ]| < 24G(Il + D)l + Lhy/ 2.

wEB? ()

The following lemma shows that the private estimator 1°' is close to the unperturbed one.

Lemma 9. Let X = [27;27;.--;2T] € R"* be a matrix such that X7 X is invertible, and
Ty, ,x, are realizations of a sub-Gaussian random variable = which satisfies the condition
of ||E*%1:H¢2 < k; = O(1) and ¥ = E[zzT] is the the population covariance matrix. Let



WOl = (X T X)~1XTy denote the empirical linear regression estimator. Then, for sufficiently large

n > Q(%) the following holds with probability at least 1 — exp(fQ(p)) —¢,

P21+ 205 3) log 4 log 2
e2nA2. (D)

min

~O0LS ~O0lLS p
[[@°" — @°"*||3 = O( £, (6)

where r = r if x; is sampled from some bounded distribution.

Proof of Lemmal9] 1t is obvious that m =XTX+ El, where E1 is a symmetric Gaussian matrix
with each entry sampled from N(0, 07) and 0% = O(m log 3 ). XTy = XTy + Ey, where By isa

Gaussian vector sampled from A(0, 031,,) and 03 = O(%).

We first show that ﬁ is invertible with high probability under our assumption.

Amin (X7 X)
2

It is sufficient to show that XTX + F; > XTTX ie . By Lemma@ we can

see that with probability 1 — exp(—Q(p)),
r?y/pnlog %
1Bz < O(f)-

Also, by Lemma|[5]and Lemma 3| we know that with probability at least 1 — exp(—(p)),
/\min(XTX) > NAmin(X) — O(HiHEHvan).
2 2/ T
Thus, it is sufficient to show that nA\pi,(X) > O( M), which is true under the

€
kg | Zll3pr log %)

¢ 5 ). Thus, with probability at least 1 — exp(—Q(p)), it is
invertible. In the following we will always assume that this event holds.

2 <

assumption of n >

By direct calculation we have

” ~ols ~ols|| (XTX + El) E ~ols (XTX +E1)71E2~
Thus, by Cauchy-Schwartz inequality we get
[ — a3 = (IIENDO“II?meEl) 2 |1 B2lfxrxipy)-2)-
Since we already assume that X7 X + E; = XX by Lemmalwe can obtain the following with
probability at least 1 — &
~ols||2 TZT4 lOg% ~ols||2 T —2 4p2
| Ev ||(XTX+E1)—2 < O(Tﬂw [2Tr((X" X)™7) log T>

nr?log o 4p
B2t xr x4 5y)-2 < O(——F2Tr((XX) 2)?)-
Thus, we have

r2(1+ 2 @”*|3) log § log 2

[ — @3 < Cin - Tr((X7X)7?).

2
€
For the term of Tr((X 7 X)~2), we get
Tr((XTX)72) < (Tr((XTX)"1)? < pll(XTX) 2|2 = b < O(—5g—e
HXTX) ) < (X)) < pIOETX) 20 = 5y < Ol
where the last inequality is due to the fact that Apin (X7 X) > ndmin(X) — O(K2||Z]|2/pR) >
2nAmin (E) (by the assumption on n). This completes the proof. O

Let w’® = (E[zz”])~'E[zy] denote the population linear regression estimator. The following
lemma bounds the estimation error between @°'* and w°'. The proof could be found in [[10] or [6].
Lemma 10 (Prop. 7 in [10]). Assume that E[z;] = 0, E[z;2]] = %, and Y~%z; and y; are
sub-Gaussian with norms &, and ~, respectively. If n > Q(x,yp), the following holds
~ols _ _ ols <0 p
7 =l < O LSy
with probability at least 1 — 3 exp(—p).



C Proofs

In order to show Theorem 2, we first show a theorem which is a generalization of theorem 2.

Theorem 3. Under the assumptions of Lemma [2} if further assume that the distribution of x is
supported on the ¢;-norm ball with radius r, SUD, s et o<1 @@ ((z,w)) |y, < kg, the
Hlw— sll2<

function f(c) = cE[®® ({2, w®*)c)] satisfies the inequality of f(¢) > 1 + 7 for some constant &
and 7 > 0, and the derivative of f in the interval of [0, max{¢, cs }] does not change the sign (i.e., its
absolute value is lower bounded by some constant M > 0), then for sufficiently large m, n such that

m > Q(=€n), (7

2
syt P2l G mac{l, 3 }og log e

1
>0 1, —)2
n 9| i () MIn{ Amin (D), 1} max{l, —}%),

®)
the following holds with probability at least 1 — exp(—Q(p)) — &,

pllw* oo max{1, |3, }/log } log &
ey/mAY2 (2) min{ A2 (%), 1}

. 1 1
[@9" = w*loe < O (P22 122 |2 X max{1, g}z

o Jlw*||3 max{1, [Jw*|[3}

4 TR
max{1l, —
P2P o \/}3 7C<I>
. . 1 /p2logm 1
VP20l oo max{1, [Jw ”°°}ﬁ 7maX{1,£}), )

where fi — Ellzll]

in the Big-O notations (see Appendix for the explicit forms of m and n).

, the terms of r, k3, kg, G, M, T, € are assumed to be constants, and thus omitted

Since Theorem [3]is the most complicated one, we will first prove it and then Theorem 2]

C.1 Proof of Theorem

Since = O(1) (by assumption), combining this with Lemmas@]and we have that with probability
at least 1 — exp(—£(p)) — & and under the assumption on n, there is a constant C's > 0 such that

Pl it k3 (10
ol <
O N (D i () 1)

Lemma 11. Let & be a function that is Lipschitz continuous with constant G, and f : RxRP — R
be another function such that f(c, w) = cE[®® ({z,w)c)] and its empirical one is

m

fle,w) = % Z(P(Q)((x,w)c).

J=1

Let B’ (w OZS) = {w : ||w — w° ||y < 8}, where w° = Lzw°'. Under the assumptions in Lemma
@and Eq. (1 , if further assume that |22z, < Ka, SUP e Bs (012) 2@ (z,w))||py < FKgs
and there exist ¢ > 0 and 7 > 0 such that f(¢,w°®) > 1 + 7, then there is ¢ € (0, ¢) such that
1 = f(Ca,w*). Also, for sufficiently large n and m such that

1 en

}. (11)

K

m > Q((kg + —)* max{plogmr 2, ——
z G202 prt|we's |3 log § log & ||
2

°*[3 log 5 log £ )

mln(z) min{/\min(z)a 1} ’

pri||w

n > QrIGZE|D |, 3 (12)

10



with probability at least 1 — 2exp(—p), there exists a ¢ € [0, such that f(ég, @) = 1.
Furthermore, if the derivative of ¢ — f(c, w®*) is bounded below in the absolute value (i.e., does
not change sign) by M > 0 in the interval ¢ € [0, ¢], then the following holds

2 ols 1 p?
. fp] B[ty flog §log 2
e — ol < O(M~ ek + 22/ 220 4 M—1Gr22%| 3|3 Ve 1;52
12 m fAmin( )min{Amin( ) }

(13)
Proof of Lemma[IIl We divide the proof into three parts.
Part 1: Existence of cp: From the definition, we know that f(0,w®*®) = 0 and f(¢, w°") >
1. Since f is continuous, we known that there exists a constant ¢ € (0,¢) which satisfying

f(cqs, U}Ols) =0.

Part 2: Existence of ¢3:  For simplicity, we use the following notations.

s_ o /@fr?Hw"lsH ,/log(;log |E||%5

AENIVEE RTI Asﬂniz)’ "
where Cj is the one in (10 . Thus, ||£2 0% — S2wols|y < 4.
Now consider the term of | f(c, @) — f(c,w°)] for ¢ € [0, . We have
sup | f(c, ) — f(c, )| < sup  sup |f(c,w) — f(c,w)], (15)

CE[O Ci CE[O,E]wG]Bg(wols)
where BS, (w?®) = {w : || D2w — D2ws||, < §'}.

Note that for any z, we have (z, w) = (v, S2w), where v = X2z follows an isotropic sub-Gaussian

distribution. Also, by definition we know that w € B (w°'*) is equivalent to 2w € B (w°').
Thus, we have

sup  sup |f(e, ") — f(c, i)
cel0,c] U)E]Bézl (wols)

1 m
<csup  sup [= > @ ((v;, D2w)e) — B (v, B2w)e)|
c€[0,e] weBy (wols) m j=1
1 . |
=C sup sup |—Z<I>(2)(<vi,25w>c) —E®? ((v, L2 w)c)]
€08 53 weBd’ (wots) | j=1

=c¢ sup ‘7 Z o —ED@ ((v,w'))]. (16)
w GBCE’ wols )
By Lemma we know that when mp > 51 max{y, x '}, where
yo it T2 ((feg + %) Endmin(S Jmin{Awin (%), 1},
65’2(}2“2 Gz/ﬂ pr4||w°lsi| log 3 log = ||2H2

the following holds with probability at least 1 — 2 exp(—p)

plogm
sup — P2 ((vi, w —E®® <O((kg + —= —). (17)
wlew(wé Z ((v,w")] < O((kg M)\/ )

By the Lipschitz property of ®2), we have that for any w; and ws,

mp |f(e,w) — fle,wa)] < GEE[(v, £% (w; — wy))]
cel0,c

< ko GE||22 (wy — w3)]J2. (18)

11



Taking w; = @° and wy = w°*, we have
/\O S oLSs 1 6
Sl[tp]|f( ) — fle,w”™)| < O(k,GE ||E||57; ))-
cel0,c .

Combining this with (T6), (I7), (I8), and taking 4 as in (T4), we get
2 ols 1 1 lo
~ols ols _ Ky plogm 5 KN/ w2 24/108 5 g
sup | f(c, @)= f(e,w")| < O(&(ryg+ =)\ | ———+G&||E 13 )
celod Z eV min{A (), 1}
19)

Let B denote the RHS of (19). If ¢ = ¢, we have f(c, ©°'*) > 1+ 7 — B. Thus, if B < 7, there

must exist a ép € [0, ] such that f(ég, W) = 1.

To ensure that B < 7 holds, it is sufficient to have

plogm) < T
m 2

2 ols
oy JogtlogZ

VAL (Z) min{ AL (%) 1} =3

Ofelry + =)

and

This means that
m > Q( (kg + HTI)Qplong_2),
i

T4 ||wols

2

13 1og 5 log &

y s 5 €
n = Q("{$G ¢ ||E||2T262>\min(2) min{)‘min(z)’ 1})’

which are assumed in the lemma.

Part 3: Estimation Error: So far, we know that f(ég, W) = f(¢e,w°*) = 1 with high

probability. By (I3), (I6) and (T7), we have

L= (e, 07%)] = | (éa,0°) = f(a, 07*)] < O(c mgw)W)

By the same argument for (I9), we have

5 nols o ols 3 0
|f (o, ™) = f(Ca,w™)| < Gra®|[2)1F ———

min )

Thus, using Taylor expansion on f(c,w®*) around cg and by the assumption of the bounded
derivative of f, we have

M|ég — o] < |f(éo, w®) — f(Co, w’?)|
S |f(6<1>aw018) - f(équOls)' + |f(é<1>771)0ls) - 1‘

2 ols 1
plogm = 1 Ve [[we s |2 \/logélog
< O(etn + 2| 222 4 G255

1/2 1/2
f VA (2) min{ AL (), 1}
O
Next, we prove our main theorem.
Proof of Theorem[3 By definition, we have
09" — w*[|oe < ||Ea — Cow*||oe + [lCow® — w*||s
< ||éq>lf10ls _ E(I)wOlSHOO + ||E<I>w0ls _ C<I>w0lsHoo + ||C¢,U)Ols _ w*”oo- (20)

12



We first bound the term of |ég — c|. Since éoE[® ) ((z,w"*)ég)] = 1 and co B[P ((z, w*))] = 1
(by definition), we get
|f (€0, w™) = flea,w”)| = |caB[@®) ((z,w"))] = f(ca, w")]
< ca|E[@®) (2, w")) — P ((z,w"*)co)]
< caG[E[(z, (0" — cau®™))]

< caG|(w* — caw)|| oo El||1
ols

w
w

< coGr|cow®® — w*|| 0o,

where the last inequality is due to the assumption that ||z||; < 7.
Thus, by the assumption of the bounded deviation of f(c, w°*) on [0, max{¢, cs }], we have
Mleg — ca| < |f(Ca, w*™) = f(ca,w™)| < caGrllcaw™ — w*||oo.

By Lemma 2 in the context, we have

* 12
e — co| < 16M e G?r? K3\ /papoc——2 G 2D
VP
Thus, the second term of (20) is bounded by
Héq;’wOlS - Cq;.wOlS”OO < 16M710<1>G2 \/>p00 H ”oo || OlSHoo
VP
_ w* |13, [[w*[| oo
<16M e GPr? \FpOO” ( +16Grnm\ﬁpoo )
VP VP
3
1 o0
ZO(M_1T3I€2G3,0 p2 ||w || max{ ||’U} || }max{l,&p}), (22)

~ VP
where the last inequality is due to Lemma 2 in the context.
By Lemma in the context, the third term of is bounded by 16¢4 Grr2 VP2P0 H"ﬂz .
For the first term of (20), by (I0) and Lemma[TT|we have

ols

et oo~

— Cow”"|| 0o < |l - W oo + [0 — Ca| - [0l
_mw\/f)rznw"l‘gHz logglog%
c
eV () min{ A (), 1}
2 ols 1 lo
ols plogm . VDT [w |2 24/ Og5 g5 5
+ [ w | oo (M (/‘ég+7)\/ —— t M 'GK3 2||E||2

ev/IAL(Z) min{ A2 (S >1}

(23)
For the first term of (23), we have
Kx\TTQI\w"lSII \/log } log & @prQHw"lSIIoo\/log%log%
VN ) min{ A >1} VN ) min (), 1)
. repr? [ w | ooy /log § log & (L 1668 apa 1 e
<c TR\ P2Po
eV (£) min{A 5 (), 1) co VP
PR/ P2Po0 G| w* | oo max{1, [[w*||o } log%logpg—2 1
=0(e 72y 72y max{1, —}). (24)
ey/nA i (X)) min{\ /7 (2), 1} Ca

13



For the second term of (23], we have

. plogm
B L

1 1 *
< efjwfloo (kg + 7 )W( + 16G7‘/€I\/>Poom)

Ky logm 1
§O(G?"/ii\/;TgpooéHw*”mmax{l,||w*||oo}(/<;g+ﬁ) /Pnfi max{l,a}). (25)

For the third term of (23), we have
2 ols
o VP [[w* 2 /log 5 log B
oM GRS — 7 ;
ey () min{A 0 (2 )1}

2 * (|2
pr2w %\ /log flog B 4 "o \

e\/ﬁ)\l/.2(2)min{)\1/.2( )1}(% 6GT’%\/>POO7\/Z5 )

ols

[[w

1
< M7'GRLE|3)3

pr o |2 mase{1, [ 2.}, /log & log 22 -
Ve 73 max{1, —}?). (26)
fAmln( ) min{)‘min(z)’ 1} co

Thus, the first term of is bounded by (since m > Q(n))

— : _ 1
< O(MTIGPRpepap’ 32 2

PR /PP G |w* |2, max ({1, |[w*|lo }/log § log & 1
2 v 2 v max{1, —}
6\/7Am1n( ) mln{)\ i ( ) 1} Co

min

o . plogm
+ G papeetili” oo mas{1, o loe sy + =)\ 22 mwlfn

Héq)wols _ EqﬂUOlsH < O(

prt w12 max{1, [lw?[|2,}/log § log &

ey/mAY2 (2)min{ /2 (), 1}
_ Ry _ 1
= O(M ™! (kg + ﬁ)G%ic a2 ||IS2 |

M7 G REP pap? |22

1
max{1, —}?
Co

* * 2
pﬁWmeﬂmwmw%mma%% 1
) 172 max{1l, —} )
e\f)\mm( )min{A ;7 (2),1} o

Putting all the bounds together, we have

X

09" — w*[|oe < O(M ™G3 KEE pap? |2 |2

prif|w* oo max{1, [w*[|3.}|/log § log &

1
X max{1, —}?
ey/mAY2 (2) min{ A2 (), 1} co
My 2. 110 max (L e}
o0

1,1y
max{1l, —
VP Co

N N Kg logm 1
GrE3\/p2poct||w* || o max{1, [|w ”OO}(HQ—’_ﬁ) /pnf max{l,a}). (27)

Next, we bound the probability. We assume that Lemma 9} [T0]and [TT|hold with probability at least
1 —exp(—Q(p)) — p. They hold when

< 1 2
m > Q((kg + 2)2 max{plogmr > en },
i

"GPP pri||wers |3 log § log B

(28)

pr|w™*|3log § log & 4Hzllifﬂ‘“"g(;}) 29)
mln( )min{/\min(Z),l}’ X2, ( )

min

n > Q(max{x1G%* ||| a2y

14



Since ||w®*||]2 < \/p|lw* ||OO( + 16GrKS \/Papoo ||wf”°°) it suffices for n

276530 pp w* |2, max{1, |2} log 4 log -

7262 Amin (2) min{ Apin (), 1}

n>a(cte 2zt ax{l,~}2).  (30)
Cop

O

C.2 Proof of Theorem

Lemma 12. Let ég, ¢, 7, f, f be defined the same as in Lemma If further assume that |®(?) (-)| <
L for some constant L > 0 and is Lipschitz continuous with constant 7, then, under the assumptions
in Lemma]and (10), with probability at least 1 — 4 exp(—p) there exists a constant & € [0, ¢ such

that f(ég, ') = 1 Furthermore, if the derivative of ¢ — f(c, w°) is bounded below in absolute
value (i.e., does not change the sign) by M > 0 in the interval ¢ € [0, €], then with probability at least
1 — 4 exp(—p), the following holds

M='GLER2r2| 23 /pllw 2 /log } log & ; 5
o — 2a| < O +M*1LGHZ||§||w°lSH2\/ =)
AL (£) minfAZ,, (), 1/ m

€2y
for sufficiently large m, n such that
LG22 |2 gfiipr‘l wols QIOgllogé
— 1]l . [w”*|310g § ) (32)
€2Amin (2) min{ Apin (X), 1}
m > Q(G*L?|[S]|a][w||3pr2). (33)

Proof of Lemmal[I2]. The main idea of this proof is almost the same as the one for Lemma|[T1] The
only difference is that instead of using Lemma [7]to get (I7), we use here Lemma [§] to obtain the
following with probability at least 1 — exp(—p)

sup |—§:<I>(2 v, w')) — E®@ ((v,w'))]

w’ €Bed’ (wels)
< O((G(l[a"|l2 + &) | 1]}z + L)y
3 ols — 0 p
OGNS ([wll + e5—— )) + L)) (34)
Thus, by (T6), (T8) and (34), we have
~ols ols % ols p
sup | (e, ") = f(e,w*)| < O(GIIBII3 [[w*|l2/ -+

ce[0,¢]

Grae|[SIIE w2 VT \/logfglog [ P [p 35)

A2 (2)min{ A2 (%)

Let D denote the RHS of (33)), we have
f(Euw) >1+7—D.

It is sufficient to show that 7 > D, which holds when

o Ry flog Flog
O(GC ||E||2 1/2 . 1/2 ) S
\/>)\m1n( ) 1n{/\min(2)5 1}

NS

and

1
Grg| 2|3 Ll w[2y/pr? logﬁlog = -
o( /2 s 1/2

eA " (X) min{ A

min mln

15



That is,
2
G2T_254||2H2ﬁip7“4||w°ls|\§log%log%) 36)
€2 Amnin (B) min{Amin (X), 1}
m > Q(G?L?|[S]|a]Jw||3pr2). @37
Then, there exists ég € [0, @ such that f(ég,w°) = 1. We can easily get
M|ég — o] < |f(Ep, w") — f(Cp, w")|

(Gc%?r?nzuz VBl |2, /log Flog &
eM2n(D) min{A2;, (5), 1}v/n

 GraelZl ez vpr m f + LGS 0o \f %)
2

/2 (%) mln{/\1/2

nzﬂ(

min mm
GL5252T2||Z||22\/]3||1U°15H2 logéloggﬂ2 N D
<of + LGS w2/ 2). o)
AN (D) min{A%,, (), 1}y
O
Proof of Theorem[2]. The proof is almost the same as the one for Theorem 3] By definition, we
have
nglm _ w*”OO < ||éq>lf}Ols _ E<I>'UJOlsHoo + ||Eq>wOlS _ w*”OO
ols ols ols

< ||ép® — Epw||ao + ||Caow®® — cow||oo + ||cow®® — w*||oe.  (40)

The second term of (#0) is bounded by

ol ! - [Jw* |3, max{1, |Jw*||oc }
[eaw® — cow™ oo < O(M™'r?r7caGPpapl, = 7 : =

By Lemma 2 in the context, the third term of l| is bounded by 16c5Grk3 | /papoo % The first

max{1, i}) 41)
Co

term is bounded by

”é@wols _ EqﬂUOZSHOO S

1
o( 1G3L02H8T4pzpoollw*||§omaX{L llw*\\io}llﬁllﬁp\/log%logg% (Lo
X maxy—,
M—'GPLekgr Pzpoon*llio max{L, w3 }Z]I3 p
Jm

1
ax{—,1}?). (42
Co
Thus, in total we have
1
M GPLE kG2 papd, || w5 max{l, |w* |2 }|Z]5 p
vm
1
GPLE R p2pie w3 max{L, [[w* 2} |23 py/log § log & 1
max{—,1}?
co

N (D) min{A 2, (2), 1}v/A

w1 max{1, [|w* oo }

1
7 max{1, g}) (43)

The probability of success is at least 1 — exp(—$2(p)) — &. The sample complexity should satisfy

1
[@9"™ — w* oo < O x max{—,1}?
Co

+

- 1
+ M 267 ca G pap? |22 || oo

1
m > Q(G? L[Sz lw* |13, max{1, [[w* |3, }G*r? kS papdep ™ maX{l,C*}z) (44)
P

3
Q(pzpioG“ 2|23k 07 Jw* || 2 r® max{L, [Jw* |3} log 5 log %
€ )\min( )mln{Amin( )71}

1 2
ax{l,;}). 45)
O
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